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Trigonometric identities inspired by atomic form factor
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We prove some trigonometric identities involving Chebyshev polynomials of second kind. The
identities were inspired by atomic form factor calculations. Generalizations of these identities, if
found, will help to increase the numerical stability of atomic form factors calculations for highly
excited states.
INTRODUCTION
The knowledge of discrete-discrete atomic form factors is important in computations of transition probabilities
between two different atomic states when a hydrogen-like elementary atom (for example, pi+pi− or µ+µ−) collides
with the atom of target material [1]. A comprehensive review of atomic form factors calculations can be found in [2].
Recently it became evident that the production and study of the never before observed true muonium (dimuonium)
atom is possible at modern electron-positron colliders [3–6], in fixed-target experiments [7–11], in relativistic heavy
ion collisions [12, 13], in a quark-gluon plasma [14], in elementary particle decays [15–20], or using ultra-slow muon
beams [21, 22]. Observation of true muonium signal from astrophysical sources is also of considarable interest [23].
As a by-product of atomic form factor calculations, which were initiated by a modern experimental proposal [24]
in this field, some interesting trigonometric identities emerged which we report in this short note.
INTEGRAL RELATED TO THE ATOMIC FORM FACTOR
The following integral
Imn =
∞∫
0
e−x sin (σx)xm [Lmn (x)]
2
dx (1)
arises naturally when calculating certain atomic form factors [25, 26]. Here
Lmn (x) = (n+m)!
n∑
k=0
(−1)k
k!(n− k)!(k +m)!
xk (2)
are associated Laguerre polynomials.
In [26] this integral is calculated by using the formula
∞∫
0
e−bxxα [Lαn(λx)L
α
m(µx)] dx =
Γ(m+ n+ α+ 1)
Γ(m+ 1)Γ(n+ 1)
(b − λ)n(b− µ)m
bn+m+α+1
2F1
(
−m,−n;−m− n− α;
b(b− λ− µ)
(b − µ)(b− λ)
)
,
(3)
which can be found in [27], entry 7.414.4.
The calculation goes as follows. From (3) we get
Imn =
(2n+m)!
(n!)2
Im
[
(µ− 1)2n
µ2n+m+1
2F1
(
−n,−n;−2n−m;
µ(µ− 2)
(µ − 1)2
)]
, (4)
where µ = 1− iσ. Let us introduce an angle φ such that σ = tanφ. Then
µ(µ− 2)
(µ− 1)2
= 1 +
1
σ2
=
1
sin2 φ
, (5)
2and
Im
[
(µ− 1)2n
µ2n+m+1
]
= (−1)n sin2n φ cosm+1 φ sin [(2n+m+ 1)φ], (6)
because µ = 1− iσ = e−iφ/ cosφ. Besides we use the following identity of the hypergeometric function 2F1:
2F1(−n, b; c; z) =
(b)n
(c)n
(−z)n 2F1
(
−n, 1− c− n; 1− b− n;
1
z
)
, (7)
where (x)n = Γ(x+ n)/Γ(x) is the Pochhammer’s symbol (shifted factorial) with the property
(−x)n = (−1)
n(x− n+ 1)n.
As a result, equation (4) can be rewritten in the form
Imn =
(n+m)!
n!
cosm+1 φ sin [(2n+m+ 1)φ] 2F1
(
−n, n+m+ 1; 1; sin2 φ
)
. (8)
This result can be expressed in terms of Jacobi polynomials, defined through the relation
P (α,β)n (x) =
(α + 1)n
n!
2F1
(
−n, n+ α+ β + 1; 1 + α;
1− x
2
)
, (9)
and finally we obtain
Imn =
(n+m)!
n!
cosm+1 φ sin [(2n+m+ 1)φ]P (0,m)n (cos 2φ). (10)
TRIGONOMETRIC IDENTITIES
However, we can calculate the integral (1) in a different way. By using Howell’s identity [28, 29]
[Lmn (x)]
2 =
(n+m)!
22nn!
n∑
k=0
(2k)![2(n− k)]!
k![(n− k)!]2(m+ k)!
L2m2k (2x), (11)
we get
Imn =
(n+m)!
22nn!
n∑
k=0
(2k)![2(n− k)]!
k![(n− k)!]2(m+ k)!
Jm,k, (12)
where
Jm,k =
√
piσ
2
∞∫
0
e−xJ1/2(σx)x
m+1/2L2m2k (2x)dx. (13)
Here Jν(x) is the Bessel function of the first kind and we have used
J1/2(x) =
√
2
pix
sinx (14)
to express sin (σx) in terms of the Bessel function.
Integrals of the type (13) were evaluated in [30] with the result
∞∫
0
e−σxJν(µx)x
γLαn(βx)dx =
n∑
k=0
(−β)kµνΓ(n+ α+ 1)Γ(ν + γ + k + 1)
k!Γ(n− k + 1)Γ(α+ k + 1)2νΓ(ν + 1)σν+γ+k+1
×
2F1
(
ν + γ + k + 1
2
,
ν + γ + k + 2
2
; 1 + ν;−
µ2
σ2
)
. (15)
3By applying this general result to our integral (13), we get
Jm,k = cos
m+1 φ
2k∑
r=0
(−2)r[2(k +m)]!(m+ r)!
r!(2k − r)!(2m+ r)!
cosr φ sin [(m+ r + 1)φ], (16)
where we have taken into account that
2F1
(
a, a+
1
2
;
3
2
;− tan2 φ
)
= cos2a φ
sin (2a− 1)φ
(2a− 1) sinφ
. (17)
Equations (12) and (16) imply
Imn =
(n+m)!
22nn!
cosm+1 φ
n∑
k=0
2k∑
r=0
(−2)r(2k)![2(n− k)]![2(k +m)]!(m+ r)!
k!r![(n− k)!]2(m+ k)!(2k − r)!(2m+ r)!
cosr φ sin [(m+ r + 1)φ]. (18)
Comparing this result with (10), we get the following trigonometric identity
n∑
k=0
2k∑
r=0
(−2)r
(k + 1)m
(m+ r + 1)m
(
2(n− k)
n− k
)(
2k
r
)(
2(m+ k)
m+ k
)
cosr φUm+r(cosφ) = 2
2nU2n+m(cosφ)P
(0,m)
n (cos 2φ),
(19)
where
Un(cosφ) =
sin [(n+ 1)φ]
sinφ
(20)
are Chebyshev polynomials of the second kind.
In particular, when m = 0 we get
n∑
k=0
2k∑
r=0
(−2)r
(
2(n− k)
n− k
)(
2k
r
)(
2k
k
)
cosr φUr(cosφ) = 2
2n U2n(cosφ)Pn(cos 2φ). (21)
Here Pn(x) = P
(0,0)
n (x) are Legendre polynomials.
FURTHER TRIGONOMETRIC IDENTITIES
One more possibility to calculate (1) and obtain other trigonometric identities is to expand one of the Laguerre
polynomials in (1) according to (2) and then use (15). In this way we get
Imn =
[
(n+m)!
n!
]2
cosm+1 φ
n∑
k=0
n∑
r=0
(−1)k+r(k + r + 1)m
(k + 1)m(r + 1)m
(
n
k
)(
n
r
)(
k + r
k
)
cosk+r φ sin [(m+ k + r + 1)φ]. (22)
In light of (10), this result implies the validity of the following trigonometric identity
n∑
k=0
n∑
r=0
(−1)k+r(n+ 1)m(k + r + 1)m
(k + 1)m(r + 1)m
(
n
k
)(
n
r
)(
k + r
k
)
cosk+r φUk+r+m(cosφ) = U2n+m(cosφ)P
(0,m)
n (cos 2φ).
(23)
Its special case when m = 0 can be written as follows
n∑
k=0
n∑
r=0
(−1)k+r
(
n
k
)(
n
r
)(
k + r
k
)
cosk+r φ Uk+r(cosφ) = U2n(cosφ)Pn(cos 2φ). (24)
Feldheim identities [31, 32] provide still another possibility to generate further trigonometric identities. According
to these identities
[Lmn (x)]
2 =
2n∑
k=0
k∑
r=0
(−1)k
(
k
r
)(
n+m
n− k + r
)(
n+m
n− r
)
L2mk (x), (25)
4and
[Lmn (x)]
2 =
2n∑
k=0
k∑
r=0
(−1)k
(
k
r
)(
n+m
n− k + r
)(
n+m
n− r
)
xk
k!
. (26)
The first expansion in a similar way as described above leads to the identity
2n∑
k=0
k∑
r=0
k∑
s=0
(−1)k+s
(n+ 1)m
(m+ s+ 1)m
(
n
r
)(
n
k − r
)(
k
s
)(
2m+ k
m+ r
)
coss φUm+s(cosφ) = U2n+m(cosφ)P
(0,m)
n (cos 2φ).
(27)
The second identity (26) can be used in conjnucation to the integral (which follows from the entry 6.621.1 in [27])
∫ ∞
0
e−xJ1/2(σx)x
m+k+1/2 =
√
σ
2
(m+ k + 1)!
Γ(3/2)
2F1
(
a, a+
1
2
;
3
2
;−σ2
)
, (28)
where a = (m+ k + 2)/2. As a result, we end up with
2n∑
k=0
k∑
r=0
(−1)k
(k + 1)m
(n+ 1)m
(
k
r
)(
n+m
n− k + r
)(
n+m
n− r
)
cosk φUm+k(cosφ) = U2n+m(cosφ)P
(0,m)
n (cos 2φ). (29)
The m = 0 special cases of these new identities are
2n∑
k=0
k∑
r=0
k∑
s=0
(−1)k+s
(
n
r
)(
n
k − r
)(
k
s
)(
k
r
)
coss φUs(cosφ) = U2n(cosφ)Pn(cos 2φ), (30)
and
2n∑
k=0
k∑
r=0
(−1)k
(
k
r
)(
n
n− k + r
)(
n
n− r
)
cosk φUk(cosφ) = U2n(cosφ)Pn(cos 2φ). (31)
CONCLUDING REMARKS
Trigonometric identities (19), (23), (27) and (29), as well as their particular cases (21), (24), (30) and (31), are the
main results of this work. These identities are equivalent to the statement that the integral (1) can be calculated in the
compact form (10) which is very convenient for numerical evaluation, because Jacobi polynomials can be calculated
recursively.
While calculating more general atomic form factors, the integral (1) generalizes to
Im,kn = σ
∞∫
0
e−xjk(σx)x
m+1−k [Lmn (x)]
2
dx, (32)
where jk(x) is the spherical Bessel function. Note that j0(x) = sinx/x and correspondingly I
m,0
n = I
m
n . If we expand
one of the Laguerre polynomials in this integral according to (2) and then use (15), we get
Im,kn =
2kk!σk+1
(2k + 1)!
[
(n+m)!
n!
]2 n∑
m1=0
n∑
m2=0
(−1)m1+m2(m1 +m2 + 1)m
(m1 + 1)m(m2 + 1)m
×
(
n
m1
)(
n
m2
)(
m1 +m2
m1
)
(m+m1 +m2 + 1) 2F1
(
a, a+
1
2
; k +
3
2
;−σ2
)
, (33)
where a = 1 + (m+m1 +m2)/2. In principle, such kind of expressions can be used in atomic transition form factor
evaluation and a general formulas for the atomic transition form factor along these lines were found in [25, 26, 33].
The calculations were based on the linearization formulas for the product of two Laguerre polynomials [34]. The
final results were expressed in terms of either Jacobi polynomials [25, 26] or generalized Gegenbauer polynomials [33]
and their computation was implemented using the corresponding recurrence relations. However, due to numerical
5problems related to a near cancellation of large numbers in alternating sum, in practice this method gives reliable
results for all form factors only for relatively small principal quantum numbers n ∼ 10 [35].
Calculations of the atomic form factors in [25, 26, 33] were motivated by the needs of the DIRAC experiment
[36]. Correspondingly the authors of [25, 26, 33] never had any numerical problems in computation of the specified
atomic form factors because such computation was required only for the values of the principal quantum number
n ≤ nmax ∼ 7− 10 [33]. Anyway for DIRAC experiment more pressing issue in increasing the accuracy of the Monte-
Carlo simulation of the passage of dimesoatoms through matter was not inclusion of the highly excited states, but the
inclusion of interference effects between the different dimesoatomic states during their passage through matter [37].
Nevetheless it will be of practical interest if the results of this note can be generalized for sums of the type (33).
Such a generalization, if found, will allow to increase numerical stability of atomic form factors calculations for highly
excited states for which the direct computation with the existing methods might break down [2]. The trigonometric
identities obtained in this note are of not direct use in the true muonium and other elementary atoms studies. However
the method from which they originated allows an alternative numerical algorithm for calculation of atomic form factors
and its realization will be useful in various correctness tests of computer programs designed for the atomic form factors
calculations.
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